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A rooted digraph is regarded as a protonated water (PW) cluster, and a hydrogen bond (H-B) matrix can represent a
rooted digraph. All possible topology-distinct patterns corresponding to PW clusters containing up to 8 water molecules
were enumerated by using H-B matrices. From close investigation of the structural patterns obtained, we found several
restrictions that should be satisfied for a structure of the PW clusters to be stable. The generated H-B matrices of the
restrictive rooted digraph were used as the theoretical framework to obtain all the topology-distinct local minima of
H3O

þ(H2O)n�1 (n � 5), at the level of MP2/6-31G�� of ab initio MO method. For PW clusters up to tetramers, the
local minimum structures that we generated are same as those in the literatures. For PW pentamers, we found some
new local minimum structures, which had not been obtained previously.

A protonated water (PW) cluster, Hþ(H2O)n is an assembly
of a proton with a finite number of neutral water molecules.
The stability, orientation and structural features of PW clusters
have significance in biological, atmospheric, and condensed-
phase chemistries.1–6 PW clusters are related to aqueous solu-
tion kinetics and many processes in atmospheric chemistry.1,2

They are also found in restricted spaces and cavities of
proteins and biomolecules.3,4

There have been a lot of theoretical studies5–21 to search
stable isomers, proton-transfer barrier, global minima, rear-
rangement and tunneling splitting of PW clusters, and experi-
mental studies to measure the infrared spectra.21–25 Recent
theoretical studies have employed a variety of techniques, in-
cluding ab initio MO,11–13 DFT method,6,7,11,13,16 the basin-
hopping algorithm,9,18 Monte Carlo method with the OSS2/
OSS3 potential,12,15,18 EVB or MSEVB potential13,19,20 and
Monte Carlo-based simulated annealing procedures.15 Al-
though various aspects of PW clusters have been studied thor-
oughly in previous works, none of those studies have been
devoted to elucidating all of the possible structures systemati-
cally. It is not trivial to present all of the possible structures nor
to claim that a structure is indeed the global minimum.

A graph is a mathematical structure, which is related to the
topology of a given molecule or molecular cluster. Graph theo-
ry has been used successfully and extensively to represent
various properties of molecules, such as thermodynamic prop-
erties of alkanes,26 �-electron energies of aromatic hydro-
carbons.27 A graph theoretical technique has been introduced
to generate neutral and PW cubes and dodecahedral clusters
for (H2O)8, (H2O)20, H

þ(H2O)8, H
þ(H2O)20.

28 In our previous
work, we have used graph theory successfully to enumerate
hydrogen bonding patterns of neutral water clusters, which
correspond to all the topology-distinct structures of neutral
water clusters.29,30

In this study, we developed an algorithm to enumerate all
possible topology-distinct structures and restrictive topology-
distinct structures of PW clusters. Restrictive topology distinct
structures are the partial structures that fulfill several special
restrictions in all possible topology distinct structures. For a
rather small PW cluster, all possible structures, in each of
which the topology and the hydrogen-bonding network are
different, can be shown by ‘‘intuition.’’ It is difficult, however,
to use ‘‘intuition’’ for a medium-sized PW cluster. The set of
the topology-distinct structures for PW clusters serves as the
basic theoretical framework for locating stationary structures.
Possible local minima for the PW clusters up to Hþ(H2O)5
are presented, the geometries of which are optimized by means
of ab initio MO method.

Theory and Computational Details

Graph, Rooted Graph, and Adjacency Matrix. A graph
is a set of vertices and edges, and a graph corresponding to a
PW cluster is a kind of a rooted graph, since a PW is distin-
guished from other water molecules in the PW cluster. A root-
ed graph is a graph in which one vertex is different from the
other vertices, and it has a corresponding matrix representa-
tion. For a rooted graph with n vertices, the adjacency matrix
A is the n-th order square matrix, of which element aij is equal
to 1 for a pair of vertices i and j that are connected by an edge,
and 0 otherwise.

Rooted Digraph and H-B Matrix, Equivalent of PW
Cluster. The important feature of the hydrogen bond is that
it possesses the direction. When a direction is assigned to
every edge of a graph, a graph is termed a directed graph
(digraph), i.e., a digraph is a set of vertices and arrows. To rep-
resent the hydrogen bonding of a PW cluster, we used a rooted
directed graph or rooted digraph, in which the vertices corre-
spond to PW or water molecules and the arrows correspond
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to hydrogen bonds from proton-donor to proton-acceptor
(Fig. 1). A rooted digraph has a corresponding matrix repre-
sentation. For a rooted digraph with n vertices, the matrix H
is the n-th order square matrix, of which element hij is equal
to 1 for an arrow directed from vertex i to vertex j and 0
otherwise. We call this matrix the hydrogen bond (H-B)
matrix.

There are several conditions for a rooted digraph to be
equivalent to a PW cluster. In a PW cluster, one PW can accept
only one proton from other water molecules, and donate three
protons to other water molecules. One water molecule can
accept two protons from other water molecules or PW, and
donate two protons to other water molecules or PW. In addi-
tion, in a PW cluster, all of the neutral water molecules and
PW should be connected by hydrogen bonds.

Counting up the H-B Matrices. All possible structures
that are topology-distinct can be obtained by means of H-B
matrix, i.e., by counting up all possible rooted digraphs with
the above-mentioned conditions. To this end, we did the
following two steps: First, we neglected the direction of the
arrow and counted up all of the non-directed rooted graphs.
Second, we generated rooted digraphs from the rooted graphs.
We always assigned PW to be the first element of the rooted
digraph.

Counting up Rooted Graphs: We counted up rooted
graphs (RG) that fulfill the following two conditions, which
come from the above-mentioned conditions for PW clusters:
For RG-1, the maximum number of the edges connected to a
vertex is 4, and for RG-2, the rooted graph is connected.

First, we generated all the different adjacency matrices
(Step 1-1), and second, we removed those that do not fulfill
RG-1 (Step 1-2). Then, we removed those that do not fulfill
RG-2 (Step 1-3), and finally, we removed duplicates (Step
1-4). The detailed procedure used here follows the one for
counting up graphs for neutral water clusters.29

Step 1-1; In an adjacency matrix of a nondirected graph,
element aij is equivalent to aji. Every element aij must be 1
or 0. For graphs with n vertices, 2nðn�1Þ=2 different matrices
exist. To generate a complete set of the adjacency matrices,
we generated nðn� 1Þ=2-figure binary numbers and assigned
aij (1 or 0) to each place in order.

Step 1-2; The sum of all of the elements of the ith row of
an adjacent matrix gives the number of the edges connected to
the ith vertex. Any adjacency matrix that contains at least one
row with the elements of which the sum is larger than five does
not fulfill condition RG-1 and was removed.

Step 1-3; Any vertex that was found to be connected to the
first vertex was marked ‘‘connected.’’ After all of the vertices
connected to the first vertex were examined, the first vertex
was marked ‘‘examined.’’ These two operations were repeated

until all of the ‘‘connected’’ vertices became ‘‘examined.’’
Then, if a graph contains any ‘‘not-examined’’ vertex, it is not
a connected graph. Thus, any adjacency matrix that did not
fulfill condition RG-2 was removed here.

Step 1-4; If a different numbering is used for the vertices
in a rooted graph, a different adjacency matrix, which corre-
sponds to the same rooted graph, can be written. Here, we de-
fined an unique adjacency matrix for a rooted graph by using
nðn� 1Þ=2-figure binary number, which was introduced in
Step 1-1 with the PW assigned to the first element of the
rooted digraph. We used the largest binary number as the
representative of all other numbers associated to the same
graph. The adjacency matrix, which corresponds to the largest
nðn� 1Þ=2-figure binary number, was called the representation
matrix here.

Counting up Rooted Digraphs: Three conditions listed
below must be fulfilled for a rooted digraph (RDG) to be
equivalent to a PW cluster. Here, we called a vertex that
corresponds to a protonated water molecule a P-vertex and a
vertex that corresponds to a water molecule a W-vertex: For
RDG-1, the maximum number of the arrows directed toward
the P-vertex is 1, and the maximum number of the arrows di-
rected from the P-vertex is 3. The maximum number of the
arrows directed toward/from a W-vertex is 2. For RDG-2,
when an arrow is directed from the vertex i toward the vertex
j, an arrow directed from the vertex j toward the vertex i does
not exist. For RDG-3, the rooted digraph must be connected.

Condition RDG-1 indicates that, in a PW cluster, a PW can
accept only one proton from other water molecules and can
donate up to three protons to other water molecules. A water
molecule can donate up to two protons to other water mole-
cules or PW and can accept up to two protons from other water
molecules or PW. Condition RDG-2 indicates that no structure
shown in Fig. 2 can exist in a PW cluster. We used these three
conditions to count up rooted digraphs by means of an adja-
cency (representation) matrix. First, we changed all of the
edges in a representation matrix to arrows (Step 2-1). Second,
we removed those that did not fulfill condition RDG-1 (Step
2-2), and finally, we removed duplicates (Step 2-3). Note that
condition RDG-2 is fulfilled in Step 2-1 as will be shown
below and that condition RDG-3 is already fulfilled in the pre-
vious step of counting up the rooted graphs.

Step 2-1; There are 2m different ways to generate the di-
rected adjacency matrices for a graph with m edges. We made
use of the binary number of the representation matrix here to
generate all of them. In this step, condition RDG-2 is automati-
cally fulfilled, since hij is not equal to hji.

Step 2-2; The sum of the elements in the ith row of a di-
rected adjacency matrix gives the number of the arrows direct-
ed from the ith vertex. The sum of the elements in the jth col-
umn of a directed adjacency matrix gives the number of the
arrows directed to the jth vertex. Any matrix which does not
fulfill condition RDG-1 was removed here.
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Fig. 1. Structure of a hydrogen-bonded water cluster with
the equivalent rooted digraph and the corresponding
hydrogen-bond matrix.

Fig. 2. HB patterns which are not regarded as hydrogen bonded.
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Step 2-3; The directed adjacency matrices generated after
the previous steps include duplicates. To remove the dupli-
cates, the same procedure as in Step 1–4 was used here. Thus,
we finally obtained a representative directed adjacency matrix,
i.e., the H-B matrix. Note again that a PW is fixed to the
first element of the matrix and the other water molecules are
assigned to the other elements.

Restrictive Rooted Digraph. According to the steps
above, we enumerated the rooted graphs and rooted digraphs
of PW clusters Hþ(H2O)n (n ¼ 2{8) (Table 1). Various initial
geometries for a PW cluster corresponding to these possible
rooted digraphs (for n ¼ 2{4) were constructed, and each of
the trial geometries was optimized by means of an ab initio
MO method. As seen in Table 1, although the number of pos-
sible topology-distinct rooted digraphs increased rapidly with
cluster size, the number of stable topology distinct structures
was very limited, e.g., only 1 local minimum out of 9 rooted
digraphs and only 3 local minima out of 63 rooted digraphs
were found for trimer and for tetramer, respectively. Making
use of these results as well as other previous works,6–16,25 we
extracted several structural rules and found the restrictions
needed for stable structures (next section). We removed those
H-B patterns that did not fulfill these restrictions from all pos-
sible topology distinct H-B patterns and generated restrictive
rooted digraphs. The corresponding H-B patterns of restrictive
rooted digraphs afforded ideal initial structures for searching
local minima of medium size PW clusters (i.e. n ¼ 5{7)
systematically.

Counting up Restrictive Rooted Digraphs (RRDG): A
rooted digraph which fulfills the following four restrictions is
equivalent to a restrictive PW cluster: For RRDG-1, there is
no arrow directed toward the P-vertex. For RRDG-2, the num-
ber of the arrows directed from the P-vertex is 2 or 3, and
for RRDG-3, when two arrows are directed from the P-vertex,
a W-vertex that accepts an arrow from the P-vertex cannot ac-
cept an arrow from another vertex. For RRDG-4, when three
arrows are directed from the P-vertex, all of the three W-

vertices, each of which accepts an arrow from the P-vertex,
cannot accept an arrow from another vertex.

We wrote our own program in FORTRAN to enumerate the
rooted digraphs and restrictive rooted digraphs for PW clusters
according to the algorithm described above. By using the ob-
tained H-B matrix, we obtained all of the possible and restric-
tive structures, in which the hydrogen-bonding patterns are
different.

A Stable Structures Corresponding to an H-B Matrix.
Various initial geometries for a PW cluster with a hydrogen-
bonding topology corresponding to an H-B matrix were con-
structed by means of a graphical tool of Mac Spartan Pro.31

Each of the trial geometries was optimized by using an ab
initio MO method at the MP2/6-31G�� level of theory, and
all of the optimized structures, which were topologically
distinguishable for each of (H3O)

þ(H2O)n (n ¼ 2{5), were
obtained. The program package Gaussian 0332 was used for
the ab initio MO calculations.

Results and Discussion

Based on the algorithm described above, we enumerated the
rooted graphs, the rooted digraphs and the restrictive rooted di-
graphs (n > 2) containing up to 8 vertices, which correspond
to the PW clusters Hþ(H2O)n (n ¼ 2{8). The numbers of the
generated rooted graphs, the generated rooted digraphs and
the generated restrictive rooted digraphs are summarized in
Table 1. It should be noted here that we dealt with only topolo-
gy-distinct structures in the current work. We did not take
into account any fine structures of the PW clusters, such as
the direction of a free O–H bond. All of the possible topolo-
gy-distinct structures of the PW clusters for H3O

þ(H2O)n�1

(n ¼ 2{4) and the restrictive topology-distinct structures
for H3O

þ(H2O)n�1 (n ¼ 5) are shown in Figs. 3 and 4 respec-
tively.

PW Dimer. The numbers of the rooted graph and the
rooted digraphs with 2 vertices were 1 and 2, respectively.
The rooted graph and the rooted digraphs are shown in

Table 1. Numbers of Rooted Graphs, Rooted Digraphs, and Restrictive Rooted Digraphs up
to 8 Vertices and Numbers of Local Minima of PW Clusters H3O

þ(H2O)n�1 (n ¼ 2{5)

Vertexa) 2 3 4 5 6 7 8

Rooted graphb) 1 3 11 58 294 1806 12326
Rooted digraphc) 2 9 63 561 5843 68696 896063
Local minimad) 1 1 3 — — — —

Restrictive rooted digraphe)

(1) 2 15 114 1101 12229 152293
(2) 1 7 50 495 5722 74032
(3) 1 5 39 338 3523 42074

Local minimaf) 1 3 9 — — —

a) The number of the vertices. b) The number of the rooted graphs generated. c) The
number of the rooted digraphs generated. d) The number of the local minima searched
from the generated rooted digraph. e) The number of the restrictive rooted digraphs (see
Section Counting up Restrictive Rooted Digraphs (RRDG)) generated: (1) according
to the restrictions RRDG-1 and RRDG-2; (2) according to the restrictions RRDG-1,
RRDG-2, and RRDG-3; (3) according to the restrictions RRDG-1, RRDG-2, RRDG-
3, and RRDG-4. f) The number of the local minima searched from the generated restric-
tive rooted digraph (3).
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2A 
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(n = 4) 
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3B 

Fig. 3. Enumerated graphs and rooted digraphs with n vertices (n ¼ 2{4). The designated patterns (1A, 2A, 3A, 3B, and 3C)
correspond to the stable structures.

n = 5 

6B  6C

4B   4A

5C 5B 5A

6A  5D

Fig. 4. Enumerated restrictive rooted digraphs corresponding to PW pentamer. The designated patterns (4A, 4B, 5A, 5B, 5C, 5D,
6A, 6B, and 6C) correspond to the stable structures.
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Fig. 3. A stable structure of PW dimer corresponding to the
rooted digraph (1A) in Fig. 3 is shown in Fig. 5, which is
topologically the same as the Zundel cation.9,10,12,19,23,25

PW Trimer. The numbers of the rooted graphs and the
rooted digraphs with 3 vertices were 3 and 9, respectively.
The rooted graphs, the rooted digraphs are shown in Fig. 3.
We found that only 1 (2A) out of 9 rooted digraphs corre-
sponded to an energy minimum structure on the PW cluster
potential energy surface. The optimized structure and the cor-
responding digraph are shown in Fig. 5; the optimized struc-
ture with a central H3O

þ unit is topologically the same as
the one found in the previous works.7,9,12,15,19,23,25

We have shown that there are 5 hydrogen-bonding patterns
for neutral water trimer.30 Protonation may occur on any of the
3 oxygen atoms of the neutral water trimer. After enumeration
according to the rule described in above section, however, it
turned out that there are only 9 hydrogen-bonding patterns
for a PW trimer, and we found that there is only 1 energy mini-
mum structure (2A in Fig. 5). In the neutral water trimer, the
cyclic form is the most stable (Fig. 3 of Ref. 28). When one
proton comes close to the water trimer, the cluster becomes
linear, and a structure corresponding to the rooted digraph
2A is formed, in which the proton attaches to the central water
molecule.

PW Tetramer. The number of the topology-distinct rooted
digraphs with 4 vertices was 63. We found that 3 out of the 63
rooted digraphs corresponded to the stable structures of PW
tetramers. The optimized structures and the corresponding
rooted digraphs of H3O

þ(H2O)3 are shown in Fig. 5. The most
stable structure corresponded to 3A; the energy differences
between 3A and 3B, 3A and 3C were 2.43 and 3.54 kJmol�1,
respectively. The most weakly bound energy-minimum struc-

ture was 3C. The obtained structures are topologically same
as those found by using Monte Carlo method with ASP poten-
tials,7 OSS2/OSS3 potentials,12 DMC methods,15 Monte Carlo
method with EVB potentials,19 and MP2 calculations.12,25

For a neutral water tetramer, there are 22 topology-distinct
hydrogen-bonding patterns and 5 local minima.30 It should
be noted that there are only 3 possible local minima out of
63 topology-distinct hydrogen-bonding patterns for PW tetra-
mer. Protonation tends to increase the possible hydrogen-bond-
ing patterns, but decrease the number of the stable structures.
When one proton comes close to a water tetramer, the cluster
tends to become linear and a structure corresponding to rooted
digraph 3A, in which the proton attaches to the central water
molecule, is the most stable.

PW Pentamer. For a pentamer, the number of the possible
topology-distinct H-B patterns increased rapidly with the clus-
ter size (Table 1). It is difficult to construct various trial initial
geometries and search local minima with these huge numbers
of possible H-B patterns. Thus, according to the restrictions
(above section), 39 restrictive rooted digraphs (those are
shown in Fig. 4) from 561 possible rooted digraphs were gen-
erated, and various initial geometries were constructed for a
PW pentamer with an H-B topology corresponding to each
of the above restrictive rooted digraphs, followed by the ge-
ometry optimization. We found that 9 out of 39 corresponded
to the stable structures of PW pentamer. The optimized geome-
tries and the corresponding restrictive rooted digraphs of
H3O

þ(H2O)4 are shown in Fig. 5 (4A, 4B, 5A, 5B, 5C, 5D,
6A, 6B, and 6C). Three new local minima (6A, 6B, and 6C
in Fig. 5) with 6 hydrogen bonds, which have not been report-
ed in previous works,15,17,21 were found. The most stable struc-
ture was 5A, which is topologically same as the one found by

5D 6A 6B 6C

4A 4B 5A 5B 5C

1A 2A 3A 3B 3C

Fig. 5. The rooted digraphs and the optimized geometries of PW clusters H3O
þ(H2O)n�1 (n ¼ 2{5).
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means of Monte Carlo method with ASP potential method,9

MSEVB potential method,13 OSS2,18 OSS3 potential meth-
od,15 and MMCP and DFT calculation.17 It is different, how-
ever, from the one found from combined DFT and MD simu-
lation method,6 B3LYP/6-31+G� calculation and experimen-
tal observation,21 from which the most stable structure is 4A.
The energy differences between 5A and 4A, 5A and 5B, 5A
and 5C were 2.30, 2.36, and 3.85 kJmol�1, respectively. The
most weakly bound minimum was the cyclic structure 6C,
which is formed with 6 hydrogen bonds.

For neutral water pentamer, the 5-membered cyclic cluster
is the most stable.30 When one proton comes close to a water
pentamer, the cluster tends to change its structure into other
structures; cyclic- and cage-like structures with 5 or 6 hydro-
gen bonds tend to be very stable.

Conclusion

We showed here a systematical method to find all possible
structures of PW clusters. We extracted the restrictions that a
stable structure of a PW cluster should fulfill, and applied
the restrictions to find all of the local minima for a PW pen-
tamer. In addition, we found some new PW pentamer struc-
tures. The enumeration method in the frame of graph theory
together with the extraction of the restrictions can be used to
obtain all possible hydrogen-bonding patterns corresponding
to PW clusters. Combination of graph theoretical enumerations
with ab initio MO calculations allows us to find all topology-
distinct stable structures for PW clusters. It should be empha-
sized that the numbers and the possible hydrogen-bonding
patterns of PW clusters are valid, although the numbers and
the structures of stable PW clusters may vary depending on
the MO method used. The graph theoretical enumeration
method guarantees that there cannot be any other patterns. This
method can be applied not only to water systems but also to
any other molecular systems of interest in chemistry.

The calculations were carried out in part at the Research
Center for Computational Science, Okazaki National Research
Institutes. This study was partly supported by grants from the
Ministry of Education, Culture, Sports, Science and Technology
of Japan.
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